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Abstract 

We study properties of the semigroup (e~ tH )t>o on the space L 2 (Fx,tt), where Fx is the 
configuration space over a locally compact second countable Hausdorff topological space X, 
ir is a Poisson measure on Fx, and H is the generator of the Glauber dynamics. We explicitly 
construct the corresponding Markov semigroup of kernels (Pt)t>o and, using it, we prove the 
main results of the paper: the Feller property of the semigroup (Pt)t>o with respect to 
the vague topology on the configuration space Fx, and the ergodic property of (Pt)t>o- 
Following an idea of D. Surgailis, we also give a direct construction of the Glauber dynamics 
of a continuous infinite system of free particles. The main point here is that this process can 
start in every 7 € Fx, will never leave Fx and has cadlag sample paths in Fx- 
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1 Introduction 

The Glauber dynamics (GD) of a continuous infinite system of particles, either free or inter- 
acting, is a special case of a spatial birth and death process on the Euclidean space or 
on a more general topological space X. For a system of particles in a bounded volume in R d , 
such processes were introduced and studied by C. Preston in [16], see also [7]. In the latter 
case, the total number of particles is finite at any moment of time. 

In the recent paper by L. Bertini, N. Cancrini, and F. Cesi, [3], the generator of the GD 
in a finite volume was studied. This generator corresponds to a special case of birth and 
death coefficients in Preston's dynamics. Under some conditions on the interaction between 
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particles, the authors of [3] proved the existence of the spectral gap of the generator of the 
GD, which is uniformly positive with respect to all finite volumes A and boundary conditions 
outside A. An explicit estimate of the spectral gap in a finite volume was derived by L. Wu 
in [20]. 

The problem of construction of a spatial birth and death process in the infinite volume 
was initiated by R.A. Holley and D.W. Stroock in [7], where it was solved in a very special 
case of nearest neighbor birth and death processes on the real line. 

In [11], the GD in infinite volume was discussed. The process now takes values in the 
configuration space r K d over M. d , i.e., in the space of all locally finite subsets in M. d , which is 
equipped with the vague topology. Using the theory of Dirichlet forms [13, 14], the authors 
of [11] proved the existence of a Hunt process M on T R d that is properly associated with the 
generator of the GD with a quite general pair potential of interaction between particles. In 
particular, M is a conservative Markov process on T R d with cadlag paths. An estimate of 
the spectral gap of the generator of the GD in infinite volume was also proved. 

In the case where the interaction between particles is absent (i.e., the particles are free), 
the Poisson measure it on T K d is a stationary measure of the GD. Let us recall that the 
Poisson measure possesses the chaos decomposition property, and hence the space L 2 (T K d, n) 
is unitarily isomorphic to the symmetric Fock space over L 2 (M. d ), see e.g. [18]. It can be 
shown that, under this isomorphism, the generator of the GD of free particles goes over 
into the number operator N on the Fock space. The latter operator is evidently the second 
quantization of the identity operator, i.e., N = dExp(l). 

On the other hand, a construction of a Markov process which corresponds to the Poisson 
space realization of the second quantization of a doubly sub-Markov generator on R d (or 
on a more general space) was proposed by D. Surgailis in [19]. However, D. Surgailis did 
not discuss the following question: From which configurations is the process allowed to start 
so that it never leaves the configuration space? It was only proved in [19] that, for 7r-a.e. 
configuration 7, the process starting at 7 will be a.s. in the configuration space at some fixed 
time t > 0. 

In the case of the Brownian motion on the configuration space, i.e., in the case of the 
independent motion of infinite Brownian particles (cf. [1]), a solution to the above stated 
problem was proposed by the authors in [12]. More exactly, a subset Too of the configuration 
space Fx over a complete, connected, oriented, and stochastically complete manifold X of 
dimension > 2 was constructed such that the process can start at any 7 € T^, will never 
leave Too, and has continuous sample paths in the vague topology (and even in a stronger 
one). In the case of a one-dimensional underlying manifold X, one cannot exclude collisions 
of particles, so that a modification of the construction of is necessary, see [12] for details. 

In this paper, we study properties of the semigroup of the GD of a continuous infinite 
system of free particles. So, we fix a locally compact second countable Hausdorff topological 
space X. We denote by 7r m the Poisson measure on Tx with intensity m being a Radon non- 
atomic measure on A. In Section 2, we construct, on the space L 2 (T 'x^m), the Dirichlet 
form £ , the generator H, and the semigroup {e~ tH )t>o for the GD of free particles in X. 
In particular, we derive an explicit formula of the action of the semigroup on exponential 
functions (Corollary 1). The results of this section are essentially preparatory. 

In Section 3, we construct a Markov semigroup of kernels (P*)t>o on (Tx,B(Tx)) such 
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that, for each F € L 2 (Tx,^ m ), 

(e- tH F)(j) = [ F(0P t (7,de), 7Tm-a.e. 7 € Tx 

(Theorem 1 and Proposition 2). The reader is advised to compare this result with [12, 
Theorem 5.1]. 

The first main result of the paper is Theorem 2, which states that the semigroup (P*)t>o 
possesses the Feller property on Fx (with respect to the vague topology). Notice that, 
though we proved, in the case of the Brownian motion on the configuration space, that the 
corresponding semigroup on possesses a modified strong Feller property [12, Theorem 6.1], 
we were able to prove the usual Feller property only in the case X = M. d and only with respect 
to the intrinsic metric of the Dirichlet form, which induces a topology that is much stronger 
than the vague topology. 

The second main result is that the semigroup (Pt)t>o is ergodic (Theorem 3). More 
exactly, we show that, for any probability measure fi on Tx, the image measure PtfJ> of fi 
under P t weakly converges to ir m as t — > 00. Let us recall that, in the case of a birth and 
death process in a finite volume in R d , the ergodic property of a certain class of birth and 
death processes was proved by C. Preston [16, Theorem 7.1]. In particular, the latter theorem 
holds in the case of the GD of free particles in a finite volume. 

Finally, in Section 4, following the idea of D. Surgailis [19], we give a direct construction 
of the Glauber dynamics of an infinite system of free particles in X as a time homogeneous 
conservative strong Markov process on the state space Tx with transition probability function 
(P*)t>o- The main point here is that this process can start in every 7 £ Tx, will never leave 
Tx and has cadlag sample paths in Tx (Theorem 4). In the case where m(X) = 00, we 
also show the possibility of restricting the process to the subset Tx, i n f of Tx consisting of all 
infinite configurations in Tx (Corollary 3). 

2 Generator of the Glauber dynamics 

Let X be a locally compact second countable Hausdorff topological space. Such a space 
is known to be Polish, and we fix a separable and complete metric p on X generating the 
topology. We denote by Cq{X) the set of all continuous, compactly supported, real- valued 
functions on X. Let B(X) denote the Borel cr-algebra on X and let m be a Radon measure 
on (X,B(X)) without atoms. 

We define the configuration space Tx over X as the set of all locally finite subsets of X: 

Tx '■= {7 C X I |7a| < 00 for each compact A C X}. 

Here, | • | denotes the cardinality of a set and 7a := 7 f~l A. One can identify any 7 E Tx with 
the positive Radon measure X^G7 £ x e M(X), where Ai{X) stands for the set of all positive 
Radon measures on B(X). We endow the space Tx with the relative topology as a subset of 
the space M.{X) with the vague topology, i.e., the weakest topology on Tx with respect to 
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which all maps 



^ X x<=~/ 

are continuous. We shall denote the Borel c-algebra on Tx by B(Tx)- 

Let ir zm denote the Poisson measure on (Tx,B(Tx)) with intensity zm, z > 0. This 
measure can be characterized by its Laplace transform 

jf e<^>7r« n (d7)=exp(jf(e^)-l)zm(dx)), ^C„(I). (1) 

We refer e.g. to [10] for a detailed discussion of the construction of the Poisson measure on 
the configuration space. Let us recall that the Poisson measure satisfies the Mecke identity: 

[ n Z m(dj) [ 7(<£r)F(7,a;) = / /i(d 7 ) / zm(dx) F( 7 U x, x) (2) 
Jr x ix ./r x Jx 

for any measurable function F : Fx x X — ► [0, +00], see [15]. Here and below, for simplicity 
of notation we just write x instead of {x} for any x £ X. 

It is easy to see that the Poisson measure 7r zm has all local moments finite, i.e., 

f {<p, l) n vr 2m (d 7 ) < 00, (p G CoPO, ^>0,nGN. (3) 

We introduce the linear space TC\ ) {Cq{X) ,T x) of all functions on Tx of the form 

F(i)=9f({<Pi,'y),---,{ ( Pn>'Y))> ( 4 ) 

where N € N, (pi,. . . ,<p N € C (X), and # F G CbO^)- Here, 0,(1^) denotes the set of 
all continuous bounded functions on M. N . For any 7 G Tx, we consider T 7 := L 2 (X, 7 ) as 
a "tangent" space to Fx at the point 7 , and for any F G JFCb(Co(X), Tx) we define the 
"gradient" of F at 7 as the element of T 7 given by D~F( 7 , x) := D~F(j) := F(j\x) — F(j), 
x G 7 . (Evidently, D~F( 7 ) indeed belongs to T 7 .) 

Let now z := 1. We shall preserve the notation !FCi } (Cq(X), Tx) for the set of all ir m - 
classes of functions from J r C\ ) (Co(X),Tx)- The set j v C\ > (Cq(X),Tx) is dense in L 2 (Tx,^ m )- 
We define 

S(F,G):= I (L>-F( 7 ),£»-G( 7 )) T7 7r m (d 7 ) 

= / ir m (dj) [ j(dx)D~F( 7 )D-G( 7 ), F,G E fC h (C (X),T x ). (5) 

Notice that, for any F G j c C h (C (X),T x ), there exists G C (X) such that |Z?~F( 7 )| < 
ip(x) for all 7 G Tx and x G 7 . Hence, due to (3), the right hand side of (5) is well defined. 
By (2), we also get, for F, G G TC h (C (X), T x ), 

S(F,G)= [ n m (d 7 ) [ m{dx)DtF{ 1 )DtG{ 1 ), (6) 
Jv x Jx 
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where D+F(j) := F(>y U x) - F(j). 
Using (2), (3), and (5), we see that 

£(F,G)= [ (HF){rt)G{7)* m {drt), F,G G ?C b (C (X),r x ), (7) 

JTx 

where 

(HF)(j) = - [ D+F(>y)m(dx) - f £>JF( 7 ) 7 (cir) (8) 
Jx Jx 

and HF G L 2 (F x-,^m)- Hence, the bilinear form (£,J-C\ ) (Co(X),Fx)) is well-defined and 
closable on L 2 (rx,vr m ) and its closure will be denoted by (5,D(£)). Furthermore, using 
[11, Theorem 4.1], whose proof in the Poisson case admits a direct generalization to the case 
of the general space X, we conclude that the operator (H,J r Cb(Co(X),Fx)) is essentially 
selfadjoint in L 2 {F x^m), and we denote its closure by (H, D(H)). In particular, (H, D(H)) 
is the generator of the bilinear form (£,D(£)). 

Let us recall that the symmetric Fock space over I? (X, m) is defined as the real Hilbert 
space given by 

oo 

HL 2 {X,m)) :=®f n (I 2 (I,m)), 
n=0 

where F (L 2 (X,m)) := M and, for n € N, F n (L 2 (X,m)) := L 2 ym (X n ,m® n ) is the subspace 
of L 2 (X n ,m® n ) consisting of all symmetric functions. 

The Poisson measure 7r m possesses the chaos decomposition property, and hence the space 
L 2 (Tx, vr m ) is unitarily isomorphic to the Fock space T{L 2 {X, m)), see e.g. [18]. More exactly, 
we set 

^(L 2 (X,m))9/ = (/H)- 

oo . 

^ // := V(nl)- 1 / 2 / f( n \x 1 ,...,x n )dX(x 1 )---dX(x n )eL 2 (r x ,ir m ). (9) 
n=o Jxn 

Here, J x „ f( n \x\, . . . , x n ) dX(x\) ■ ■ ■ dX(x n ) denotes the n-fold multiple stochastic integral of 
the function with respect to the Poisson random measure X(A)(j) := 7(A), A G B(X), 
7 G Fx, and the series on the right hand side of (9) converges in L 2 (Fx,^ m )- Then, the 
operator / is unitary. 

Denote the number operator on JF(L 2 (X, m)) by N, i.e., the domain of N is given by 

D(N) = |/ = (f (n) )n=o ■■ E \\f H \\k(LHx, m)) n 2 < 00 J , 

and \ T n {L 2 {X, m)) = nl, n G Z + , 1 being the identity operator. Evidently, N is a 
positive selfadjoint operator and, therefore, it generates a contraction semigroup (e~ tN )t>o 
in ^(L 2 (X, m)). In fact, iV is the second quantization of 1: N = dExp(l), see e.g. [17, 2], so 
e" t7V = Exp(e-* 1 ). 

Proposition 1 Under the unitary operator I, the operator (N, D(N)) goes over into (H, D(H)). 
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Proof. First, we note that, by the proof of [11, Lemma 3.2], formula (6) holds for all 
F, G G D(£). Denote by J="P(C {X), T x ) the set of all functions of the form (4), where N G N, 
<fii,...,<PN £ Cq(X), and qf is a polynomial on R N . By the proof of [11, Theorem 4.1], 
J-V(Cq(X), Tx) C D(H), and furthermore, H is essentially selfadjoint on J-V {Cq{X) ,T x) ■ 
Analogously, we also have that FV(Co(X), Fx) C D(£). Next, by [1, Theorem 5.1], 
TV (Cq(X) ,T x) is a subset of the image of D(N) under /, and we have 

{INr l F,G) L , [Tx ^ m) = [ vr m (d 7 ) [ m(dx)D+F( 7 )D+G( 7 ) 

JYx Jx 

= £(F , G) = (HF , G) L 2(r X)7rm ) 

for all F,G G TV(C Q {X),T X ). Hence, INI' 1 coincides with H on FP(C (X),r x ). Since 
INI^ 1 is selfadjoint, this yields the statement. □ 

Corollary 1 Let 

C :={(pe C (X) | -1< <f < 0}. 
Then, for each if G C and t > 0, 

e- tH exp[(log(l + ^),-)] =exp[(log(l + e-V), •) + (!" e"*)^)] 7r m -a.e. (10) 

-ffere, (99} := J x tp(x) m{dx) . 

Proof. The statement follows directly from Proposition 1 by [18, formula (5.6)]. Let us shortly 
repeat the arguments. 

For each if G Co(X), we introduce the vector 

Exp^fl^") 00 eHL 2 (X,m)), 
\ n - / n=0 

which is called the coherent state corresponding to the one-dimensional state 93. We have, 
for any ip G C, 

IExpip = exp[(log(l + ¥>),■) - (<£>)] TTm-a.e., (11) 
see e.g. [18, formula (5.5)]. Next, we evidently get 

e _tJV Exp¥> = Exp(e _ V)- (12) 
By (11) and (12), (10) follows from Proposition 1. □ 

3 Semigroup of the Glauber dynamics 

We shall now construct probability kernels for the semigroup (e~ tH )t>o. Let t > 0. Consider 
the two-point space {0, 1} and define the probability measure^ on {0, 1} by setting p t ({l}) := 
e - * and Pt({0}) := 1 — e~ l . Next, let us fix an arbitrary configuration 7 G Tx, 77^ 0. On the 
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product-space {0, l} 7 equipped with the product a-algebra, we define the product-measure 
<8> xej Pt,x, where p tjX = p t for each x G 7, . Set 

{0, iy 3 a = (a(x)) xei ^U{a) = ^ a{x)e x G F X - 

It is easy to see that the mapping U is measurable. We denote by Pt n the probability measure 
on Fx that is the image of the measure (£) x&1 Pt,x under U. We also set P^es := e&. 

Now, for any 7 G Tx and i > 0, we define Pf j7 as the probability measure on Fx given 
by the convolution of the measures Pt n and 7T( 1 _ e -t) m , i.e., 



P*, 7 



(A):=/ PtniAm) I Tr {l „ e - t)m (d m )l A (rii+m), AeB(F x ). (13) 



Indeed, denote by Fx the space of all No U {oo}-valued Radon measures on X equipped with 
the vague topology. Then, Fx is a Borel-measurable subset of Fx- It is easy to see that the 
mapping 

f x xF x b (m,m) H 1i + 12 £ 

is measurable. Therefore, considering 1a as an indicator function defined on Fx, we see that 
(13) defines a measure on Fx- To see that P( i7 is a probability measure, we have to show 
that, for P tri ® 7Tn_ e -n m -a.e. (771,772) £ x Tx, i}\ + 772 belongs to F X - By construction, 
Pt )7 -a.e. r/i G Tx is a subset of 7. On the other hand, the set 7 is of zero m measure and, 
therefore, ?T( 1 _ e -t) m -a.e. configuration 772 G Fx has empty intersection with 7, which implies 
the statement. 

Theorem 1 For eac/i F £ L 2 (rx,vr m ) and i > 0, we ZiaTje 

( e -^F)( 7 )= / F(7?)P ti7 (d77) (14) 

/or 7r m -a.e. 7 G T x . 

Proof. For 7 G and 99 G C, we have by (1), (13), and the construction of Pt n : 
exp[(log(l + (p) 1 7])}P tj ~ / (dr]) 

= Pt, 7 {drn) 7r (1 _ e -t )m (d?72)exp[(log(l + v9),77i + 772}] 

= / Pt,-y(dVl) Yl( 1 + V( X ^ / 7r (l-e- t )m( dr /2)exp[(log(l + ( / 9),7? 2 )] 

rr-Cr,, J^X 



L 



( n ((! + ^)) e "* + (! - e "*)) ) ex P[( X " e ~*)^>] 
\xG7nsuppiy5 / 

exp[(log(l + e"V),7> + (1 " e"*)^)], (15) 
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where U x e0 c * := L 

Next, for any measurable function F : Tx — > [0, +00], we have 

f [ F{r 1 )P t , 1 {dr ] )^ m {d 1 ) = I F( 7 )7r m (d 7 ). (16) 

Indeed, it is easy to check that {exp[(log(l + </?), •)] | p G C} is stable under multiplication and 
contains a countable subset separating the points of Tx, so it generates B{Tx)- Therefore, 
we only have to check (16) for F = exp[(log(l + ip), ■)], ip G C. But this immediately follows 
from (1) and (15). 

Now, by (15) and (16), the statement of the theorem follows analogously to the proof of 
[12, Theorem 5.1]. For the convenience of the reader, we repeat the arguments. It follows 
from (16) that, if A G B(Tx) is of zero 7r m measure, then P tjl (A) = for 7r m -a.e. 7 G Tx- 
Moreover, using the Cauchy-Schwarz inequality and (16), we get 

/ (f F(r))P t „(dri)) 7r m (d 7 )<[ [ \F(r l )\ 2 P t „(dri)ir m (d'y) 

= [ |F( 7 )| 2 7r m ((i7). 
JYx 

Thus, for each t > 0, we can define a linear continuous operator 

P t :L 2 (T x ,7T m )^L 2 (T x ,7T m ) 

by setting 

(P t F)( 7 ):= / F^Pt^dr,). 

By Corollary 1 and (15), the action of the operator coincides with the action of e~ tH on 
the set {exp[(log(l + if), ■)] | <p G C}, which is total in L 2 (Tx,TT m ) (i.e., its linear hull is a 
dense set in L 2 (Tx,ir m ))- Hence, we get the equality Pt = e~ tH , which proves the theorem. 

□ 

In what follows, for a measurable function F on Tx, we set 

(P t F)(j) := I F( V ) P ta (d V ), t > 0, 7 e T X , 
JYx 

provided the integral on the right hand side exists. Thus, by Theorem 1, P t F is a 7r m -version 
of e~ tH for each F G L 2 (T X , ir m ). 

We also define a family of probability kernels (P t )t>o on the space (Tx,B(Tx)) setting 

P t ( 7 , A) := P t ,j(A), 7 G Tx, A G B(T X ), t > 0. 

Since 7 1— > P^F(7) is measurable for F in the linear span of {exp[(log(l + ip), ■)] | (p G C} by 
(15), a monotone class argument shows that, indeed, 7 1— > P*(7, A) is ,B(rx)-measurable for 
all A G B{T X ). 
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Proposition 2 (Pt)t>o is a Markov semigroup of kernels on (Fx , B(Fx))- 



Proof. We only have to prove the semigroup property: PtP s = Pt+ S > t,s >0. Let <p G C. By 
(1) and (15), we get, for any 7 G Fx, 



exp[(log(l + <p), f7i)]P a> „(d7/i)P t>7 (d»/) 

= / exp[(log(l + e -V)^) + (l-e- s )(^)]P t , 7 (^) 

= exp[(log(l + e~^\), 7) + (1 + e-*)e-» + (1 - Ofc)] 
= exp[(log(l + e-(' +s )^),7) + (1 - e^ t+s) )(^)] 

= [ exp[(log(l + ^),r ? )]P t+SiT (d? ? ). (17) 

JTx 

Analogously to the proof of (16), we conclude from (17) that 

/ / F(*7i)P ai „(d»7i)P ti7 (d77) = / F( V ) (dry) 
Jr x J^x J^x 

holds for any measurable function F : Fx — > [0, 00], in particular, for F = 1a, A G £>(rx). 
□ 

Theorem 2 T/ie semigroup (P<)t>o possesses the Feller property, i.e., Pt : Cb(rx) — ► 
Cb(rx), i > 0, where Cb(Fx) denotes the set of all continuous bounded functions on Fx- 

Proof. First, we note that the space Fx is metrizable, see e.g. [9], and so the continuity of 
a function G : Fx — > M follows if we can show the convergence G(j n ) — > G(7) as 7„ — > 7 
vaguely in Fx ■ 

Let us fix any xo £ X and denote by B(r) an open ball in X centered at xo and of radius 
r > with respect to the metric p. We recall that 7„ — > 7 vaguely in Tx if and only if, for any 
r > 0, there exists iV € N such that |7 n nJ3(r)| = \^DB(r)\=:l for all n > N and there exists 
a numeration of the points of the configurations j n D B(r), n > N, and 7 n B(r), denoted 

by { x i™' ) }l=i) { x fc}fc=i; respectively, such that x^ — > in X as n — > 00, A; = 1, . . . , I. From 
here, by an easy modification of the proof of (6.9) in [12], we can conclude the following 

Claim. Let 7„ — > 7 as n — > 00 vaguely in Tx- Then, there exists a numeration of the 
points of the configurations 7„, n G N, and 7, denoted by {x^}k>i, {xk}k>ii respectively, 
such that: 1) either for each k G N if |7| = 00, or for each k G {1, . . . , I7I} if I7I < 00, there 
exists JVeN such that \j n \ > k for all n > N and x^ — > X& in X as n — > 00. 

So, we fix any i > 0, F G Cb(rx) and 7„, n G N, 7 from Tx such that 7„ — > 7 vaguely, 
and we fix a numeration of the points of 7„, n G N, and 7 as described in the claim. 

Analogously to the above, on the product-space {0, 1} N we consider the product measure 
®fcgNPt,fc> where =p t . Then, as easily seen from (13), 



(P t F)( 7n ) = / 0pt )fc (d(ai, a 2 , ...))/ ^(i- e -*)m(^) ^ f £ a *<V") + ^ ■ ( 18 ) 
■W^ Jr x \ti k I 
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Set D := (U^Li7n) U 7- Since D has zero m measure, 7T/ 1 _ e -t) m -a.e. 77 G has empty 
intersection with D. Furthermore, for any rj G Tx with empty intersection with L> and for 
any (ai, 02, . . . ) € {0, 1} N , we easily get, using the claim, that 



I7n 



Ea^e (n) + 77 — > a fc e Xfc + 77 vaguely in T x as n — > 00. (19) 
fe=i fc=i 

By the monotone convergence theorem, we now have from (18) and (19): 

(P t F)(7„) -f / (X)pt,fc(d(oi,a 2 ,...)) / T(i-e>W^ (y] fc e xfc+»/| 

■Wig a* ^ y 

= (P t F)(7) as n -> 00, 

which yields the theorem. □ 

Before formulating the next theorem, let us recall that we use the notation Tx for the 
space of all No U {00}- valued Radon measures on X endowed with the vague topology. 

Theorem 3 The semigoup (Pt)t>o is ergodic in the following sense: For an arbitrary prob- 
ability measure fx on (Tx,B(Fx)), the image measure Pt/x of fx under Pt converges to i\ m 
weakly on Tx as t — > 00. 

Proof. It is evidently enough to prove that, for each 7 G Tx, P* 7 converges to 7r m weakly on 
Tx as t — > 00. To this end, it suffices to show that, for each ip G Copf), 9? < 0, 

J e M P ttl (dr]) ^exp(^J {e^ -l)m(dx)^j as i -> 00, for each 7 G T x , (20) 

see (1) and [8], Chapter 4, in particular, Theorem 4.2. But analogously to (15), we get: 

( e M P tn {dn) = \{ (e-*(e v(a;) -l) + l)exp ({l-e' 1 ) ! {e^ x) - I) m{dx)\ . (21) 

^ r Jf z^Hsupp '' ^ x 



Since the support of 92 is compact, we have I7 H supp(^| < 00, which implies that the right 
hand side of (21) converges to the right hand side of (20) as t — > 00. □ 



4 Glauber dynamics 

A Markov process on Tx with the generator H we shall call a Glauber dynamics of a con- 
tinuous system of free particles. 

Theorem 4 The Glauber dynamics of a continuous system of free particles may be realized 
as the unique, time homogeneous Markov process 

M = (1), F, (F t ) t > , (e t )t>o, (P7W, (X t )t>o) 

on the state space (Tx,B(Tx)) with transition probability function (Pt)t>o a nd with cadlag 
paths, i.e., right continuous on [0, 00) and having left limits on (0, 00) (cf. e.g. [5]). 
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Proof. In what follows, for a metric space E, we shall denote by D ([0, oo),E) the space of all 
cadlag functions from [0, oo) into E equipped with the corresponding cylinder cr-algebra. 

Now, we consider on the two-point space {0, 1} the time homogeneous Markov process 
with cadlag paths, whose transition probabilities are given by Pt,i({l}) = e - *, Pt,i({0}) = 
1 — e - *, and Pt,o({0}) = 1, t > 0. Let $7 := D([0, oo), {0, 1}) and let p denote the probability 
measure on Q, defined as the law of the above process starting at 1. 

For an arbitrary configuration 7 G Fx, 7 / 0, on the product space W we consider the 
product measure ® xej Px, where p x := p, x G 7. We define 

w 3 uj = (u x ) xej 1 ^ y(w) = y(w)(t) := * ^ °- ( 22 ) 

As easily seen, for each w G SI 7 , y(w) is an element of CI := D([0, 00), Fx) and, furthermore, 
the mapping Y is measurable. Let denote the image of <S> xej p x under Y. We also set 
P@ to be the delta measure concentrated at Y(t) = 0, t > 0. 

Next, we consider the configuration space TxxR+ over X x E + , where R+ := (0, +00). 
Let 7r m(8 rf T denote the Poisson measure on #(TxxR + ) with intensity measure m® dr, where 
dr denotes the Lebesgue measure on M + . By rxxR+ we denote the subset of TxxR+ which 
consists of those configurations £ for which (x, t), (x',t') G £, (x, i) 7^ (a/, t') implies x 7^ a/. It 
is not hard to see that TxxR + £ £>(TxxR + )- Furthermore, since the measure m is non-atomic, 
we have that TxxR + is of full 7r m ®dT measure. 

Now, for any £ G TxxR + , £ / 0, we consider on the product space Cl^ the product 
measure T)e£p{y,r)i where p(y )T ) = P, an d define 

fi ^ w = ( w (i/,t))(»,t)6{ ^ Z M = 2(w)(t) : = X] 1 [r,oo)(i)^(j / ,r)(i - r)e y . (23) 

(j/,r)ee 

Again, for each ui G O^, G O, ^ is measurable, and by we denote the probability 

measure on CI that is the law of the process Z. Furthermore, a monotone class argument 
shows that, for each measurable set A in CI, the mapping TxxR+ 3 £ l— * P^i-A) G 1 is 
measurable. Therefore, we can define the probability measure 

P Z := [ TTmmAdOPi (24) 

J Fx xK + 

on (fl,F), where F denotes the cylinder cr-algebra on CI. 

Analogously to (13), we define, for each 7 G Tx, P 7 as the probability measure on (CI, F) 
given by 

P 7 (A):= [ P^du^) ! P z {du J2 )l A {u 1 +u 2 ), AeF. (25) 
Jn Jn 

(Notice that uj\ + uj 2 G O for <g> P z -a.e. (wi,^) G We evidently have that w(0) = 7 
for P 7 -a.e. a; G O. 

Define now X t (u;) := uj(t), uj G CI, i > 0, and Ft := cj{X s , < s < t}. Define the 
translations (6u})(s) := u(s + t), ui E CI, s,t > 0, and 

M := (CI, F, (F t ) t > , (0t)t>o, (P 7 ) 7 er x , (X t ) t > ). 
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To show that M is a time homogeneous Markov process on (Tx,B(Fx)) with transition 
probability function (Pt)t>o, it suffices to show that the finite-dimensional distributions of 
X t are determined by the Markov semigroup of kernels (Pt)t>o (see e.g. [4, Ch. 1, Sect. 3]). 

By (24) and (25), we get, for any 7 G T x , < h < t 2 < ■ ■ ■ < t n , ipi, . . . , ip n G C, n G N, 



P 7 (cL>) J| exp[(log(l + <p k ),uj(t k ))} 
! k=i 

,. n 

= / P 7 y (^ 1 )[]exp[(log(l + 9 9 fc ),^ 1 (t fc ))] 
Jn k=i 

x/ nmtodAdS) f Pf(dw2) JJexp[<Iog(l+ V fc),W2(* fc ))]. (26) 
By (22) and the construction of the measure P^ j7 , we evidently get: 

n 

P^(dwi) \{ exp[(log(l + ¥> fc ),wi(t fc ))] 
fc=i 

= / Pti, 7 ( dr /i)exp[(log(l + ¥»i),»7i)] / Pt 2 -t 1)r)1 (dr72)exp[<log(l + ^2),%)] 

x ■ x/ P tn _ tn _ 1)r)n _ 1 (dr ?n )exp[(log(l + ^„),r ? „)]. (27) 

For any Ai, . . . , G x R+), fc G N, which are of finite m® dr measure and disjoint, 
the random variables (Iad ■)>■■■ 5 (^A fe) ■) are independent under ~K m ®dT- 

Therefore, by (23), 

/ n m ® dT (d£) P^{dw 2 ) JJexp[(log(l + <Pk),W2(t k ))] 
Jrxxm + ''to j. =1 

jTx x*+ (y,T)et:ye(JZ =lS up P <p k Jn 

n 

X n exp[(log(l + <p k ), l[ Tl0 o)(*fc)W( tf)T )(tfc - r)%)] 

fc=l 

= n / 7T m0dr (^) ]J / p(dw ( „ iT) ) 

n 

x JJexp[(log(l + ¥>,)» w (y , T) (ti -r)e w )], (28) 



where to := 0. Using the Markov property, we get, for any fixed k G {1, . . . , n} and (y, r) G 
-X" x (*fc— 1, *fe): 



/ p(^)TT ex pK lo g( 1 + ^)>^(^ - r H>] 
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Pt k +i-t k ,i{dak+i) exp[(log(l + (fk+i), <^k+i^y)\ 

J {0,1} 

X"-x / Pt„-t„-i,a Il _ 1 (rfan)exp[(log(l + v7„),a„e y )] + (l-e-^- T )). (29) 

•Ao.ll 



'{0,1} 

Hence, by (1), (28), and (29), we get: 



/ 7rm®dr(d£) / -Ff (^2) JJexp[(log(l + ^fe),w 2 (ife))] 
rv xh , •'ft fc=i 

^(1 _ e -(* fc -tfc-l)) m ( dy ) ^ _ 1 + (1 + ^y)) 



TxxR., 

n 

exp 



(da k+1 ) exp[(log(l + (p k+1 ) , a k+1 e y )] 

J{o,i} 

(30) 



x 

'{0,1} 

x--- x / Pt„-t„-i,a n _i(rfan)exp[(log(l + tpn),a n e y }] J 
J {0,1} J. 

It is easy to see that, for any t > and any 71, 72 £ Tx, 71 1^172 = 0, the measure Pt j7l + 72 
on Tx is the convolution of the measures Pt i71 and Pt, 72 . Therefore, by (1), (13), (26), (27), 
and (30), 



/ P tl , 7 (d7i)exp[(log(l + <pi),ji)\ / P t2 _ tli7l (d72)exp[(log(l + 99 2 ),72}] (31) 
Jv x Jt x 

x • • • x / P tn _ tl 

,7n-i (^7n) exp[(log(l +V3n),7n}] 

,/r x 

= / p ti,i(dVi) 7T(i-e*)m(^i)exp[(log(l + (^i),r?i + 6»i}] 
•/r x Vr* 

X / Pta-turn+eMin) 7T(l- e -(*2-*l)w(^2)exp[(log(l + <^ 2 ),??2 + <?2>] 

x • • • x / P^-^.i^.i+^-i (*7n) 

(dO n ) exp[(log(l + tp n ), T] n + d n )\ 

= / Pti, 7 ( dr /i)exp[(log(l + <pi),77i>] / Pt2-t um (dm) exp[(log(l + ^2), 772)] 
./r x ./r x 

x • • • x / P tn _ tn _ 1 , r) „_ 1 (dr ?n )exp[(log(l + (fn),Vn)] 

n ,. 

X II / ^i-e-^k-Oymi^k) exp[(log(l + (p k ),9 k )] 

x / p tfc+1 _ tfcA (dr7 fc+ i)exp[(log(l + <^fc+i),%+i)] 
/ Pt„-t„-i,r ) „_i(dr/„)exp[(log(l + ^„),r ?n )] 



x • • • x 
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„ n 

= / P 7 y (^i)J]exp[(log(l + ^),u;i(t fc ))] 
^ n k=i 

X II / ^(i-e-Cfc-**-!))™^) ^pK 1 ^ 1 + <Pk),O k )] 

k=l JTX 

x TT(l + ^ fc (x)) / p tk +1 _t fc ,i(dajfc + i)exp[(log(l + <p k+1 ),a k+1 e x )] 
xee k J W 

x • • • x / Pt n -t„_i,a„_i (da n ) exp[(log(l + ip n ), a n e x )\ 

„ n 

= / P 7 (du) JJexp[(log(l + ^),a;(t fc ))]. (32) 
fc=i 

Hence, analogously to the proof of (16), we conclude from (32) that, for any A±, . . . ,A n € 

P 7 (X tl €Ai,...,X n €A»)= / Pt ll7 ( d 7i) / Pt, 7 i( d 72)--- / Pt„, T „-i(rf7n)- 

Finally, we note that any measure on the space (fi, F) is uniquely determined by its finite- 
dimensional distributions, and therefore the constructed Markov process with cadlag paths 
is unique. □ 

Corollary 2 The Markov process M from Theorem 4 is a strong Markov process. 

Proof. The statement follows directly from Theorems 2, 4 and [6, Theorem 5.10]. □ 

Remark 1 It is easy to see that the process (X.t)t>o constructed in the course of the proof 
of Theorem 4 is even Markov with respect to the filtration (F t+ ) t >o, where F t + := f] s>t Fj. 

Suppose that the space X is non-compact and by T x , i n f denote the subset of Tx consisting 
of all infinite configurations 7 £ Tx- It is not hard to show that Tx inf 

G B(T X ). We endow 

Tx, inf with the vague topology and denote by B(T x ,m{) the corresponding Borel a-algebra. 

Corollary 3 Suppose that m(X) = 00. Then, in the formulation of Proposition 2, Theo- 
rems 1, 2, 4, and Corollary 2, we can replace Tx by Tx, inf- 

Proof. It is well known that the condition 

m(X) = 00 

implies that ir zm (Tx,mi) = 1, z > 0. Furthermore, by (13), 

Pt >7 (rx,inf) = 1, t>o, 7er x ,i„f. 

Therefore, by Proposition 2, (Pt)t>o is a Markov semigroup of kernels on {Tx,mi,B(Tx,m{)), 
and we can replace Tx by rx,i n f m Theorems 1, 2. 
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Next, by using the Borel-Cantelli lemma, we easily get: 



t > o, 7 <e r X)inf . 



(33) 



By the construction of PX , 



we also have: 



P*(u G ft : u(t) D u{t)Vr G [0,t]) = 1, 



t G N, 7 G r X) inf. 



(34) 



Taking (33) by (34) into account, we can now replace Tx by rx,mf i n the proof of 
Theorem 4, to get the respective modification of the latter theorem. □ 

Remark 2 Notice that D([0,oo),Tx,in{) does not belong to the cylinder cr-algebra on 
D([0,oo),Tx), so that in the proof of Corollary 3 we could not simply state that 
D([0, oo), Tx.inf) is a set of full P 7 measure for each 7 G Tx.mf- 
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